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Abstract 

In this paper, the technique of fohations in characteristic p is used 
to investigate the difference between rational connectedness and sep- 
arable rational connectedness in positive characteristic. The notion of 
being freely rationally connected is defined; a variety is freely ratio- 
nally connected if a general pair of points can be connected by a free 
rational curve. It is proved that a freely rationally connected variety 
admits a finite purely inseparable morphism to a separably rationally 
connected variety. As an application, a generalized Graber-Harris- 
Starr type theorem in positive characteristic is proved; namely, if a 
family of varieties over a smooth curve has the property that its ge- 
ometric generic fiber is normal and freely rationally connected, then 
it has a rational section after some Frobenius twisting. We also show 
that a freely rationally connected variety is simply connected. 
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1 Introduction 

Since the work of J. KoUar, Y. Miyaoka and S. Mori on rationally connected 
varieties, it has been widely accepted that varieties with lots of rational 
curves on them provide a good generalization of projective spaces. We fix 
k to be an algebraically closed field. In this paper, a variety over k is an 
integral, separated, finite type k-scheme. We recall the following definitions, 
c.f. jdJSt] . IKollarj . 



1 



Definition 1.1. Let X be a quasi-projective variety over k. A rational curve 
on X is a nonconstant morphism (p ^ X. Let Tx = Jifomc>^{Qx/k, Ox) 
be the tangent slieaf of X. If tlie image of is contained in the smooth locus 
-^sm q£ then we can spht (t)*Tx into direct sum of hne bundles 

n 

ct>*Tx = Y,0^.{ai), 

i=l 

where n = dimX. We say that is free if lm(0) C X'^'" and > 0, for 
all 1 < i < n. We say that is very free if lm(0) C X*"^ and > 1, for 
all 1 < i < n. We say that X is separably uniruled if it has a free rational 
curve and separably rationally connected (SRC) if it has a very free rational 
curve. We say that X is rationally connected (RC) if there is a variety Y 
and a morphism u : x F — > X such that u*^^) :P^xP^xy— >XxX 
is dominant. In this case we also say that a general pair of points on X are 
connected by a rational curve. 

In addition to these, we make the following 

Definition 1.2. Let X be as above. We say that X is freely rationally 
connected (FRC), if there is a variety Y and a morphism u : x y — > X 
such that u*^^) : P^ x P^ x F — > X x X is dominant and in addition, each 
rational curve parametrized by y is a free rational curve on X. 

In general, SRC implies FRC and FRC implies RC. It turns out that over 
an algebraically closed field of characteristic 0, a smooth projective variety 
is RC if and only if it is SRC. However, these notions are not equivalent in 
positive characteristic. Namely, in [KoUar] V.5.19, there is an example of a 
smooth variety in characteristic p, which is FRC but not SRC. In |GHSj . T. 
Graber, J. Harris and J. Starr prove that a rationally connected fibration 
over a curve admits a section in characteristic 0. In [dJStj . A.J. de Jong and 
J. Starr generalize this result to characteristic p and the price they pay is 
that they have to assume that a general fiber is SRC. 

In this paper, we use the technique of foliations in positive characteristic 
to investigate the gap between the above notions. Our main theorem is the 
following. 

Theorem 1.3. Let k be an algebraically closed field of characteristic p . Let 
X/k be a quasi-projective algebraic variety. Assume that X is freely rationally 
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connected. Then there exists a separably rationally connected variety Y and a 
finite purely inseparable morphism f : X ^ Y. If X is regular in codimension 
1 (or normal), then so is Y . 

We sketch the main idea of the proof. First we use the free rational curves 
on X to construct a canonical subsheaf ^ of Tx- Then we prove that ^ is 
closed under the Lie bracket and taking p^^ power if the characteristic is p. 
This will be done in Section 2. This result holds in arbitrary characteristic 
and only relies on X being separably uniruled. In Section 3, we construct 
the quotient of X by ^ and prove that the quotient is separably uniruled 
(resp. FRC) if X is so. As a result, if the quotient is not SRC, then we 
repeat the construction above. In general, it is not guaranteed that this 
procedure terminates with an SRC variety. In section 4, we investigate the 
relation between the above procedure and the formal neighborhood of a free 
rational curve. In particular, we show that if the repeated construction does 
not terminate with an SRC variety, then the global regular formal functions 
of the formal neighborhood of a free rational curve form a power scries ring. 
In section 5, we prove the main theorem by showing the fact that the FRC 
condition will force the quotient procedure to terminate with an SRC variety. 
Then we give an application of the main theorem to prove the following 
Graber-Harris-Starr type theorem. 

Theorem 1.4. Let ir : ^ ^ B be a proper flat family over a smooth curve 
B, here everything is over an algebraically closed field k of characteristic p. 
Assume that the geometric generic fiber of ^ ^ B is normal and freely 
rationally connected. Then there is a morphism s : B ^ ^ such that 
nos = -Fa6s,s /^'^ some d >0, where Fabs,B : B ^ B is the absolute Frobenius 
morphism. 

An interesting consequence of the above theorem is 

Corollary 1.5. Let X/k be a proper normal FRC variety over an alge- 
braically closed field k of characteristic p. Then X is simply connected. 
Namely, the algebraic fundamental group tti{X) is trivial. 

Acknowledgement: The author would like to thank his advisor, Aise 
Johan de Jong, without whose careful and patient instruction, the author 
would not have been able to carry out this research. Many thanks to the 
referee who pointed out that FRC should imply simply connectedness. 
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2 The Foliation 

In this section we will fix the following notations. Let X/k be a quasi- 
projective algebraic variety of dimension n over k (of arbitrary characteristic, 
but we will focus on positive characteristic later). Assume that X is separably 
uniruled. Then there is a free rational curve : — > X such that 

r 
i=l 

where > for all 1 < i < r. 

Definition 2.1. The distinguished subsheaf Yl\=i^v^{(^i) of 4'*Tx will be 
denoted by Pos((/)*Tx). The positive rank of X is defined to be the largest 
number r such that r = rank(Pos(0*Tx)) for some free rational curve (j) on 
X. A free rational curve (p is said to be maximally free if Pos(0*Tx) has 
rank equal to the positive rank r of X. We use Hom™'^'^^^(P^, X) to denote 
the open subscheme of Hom^'^^^(P^, X) that parametrizes all maximally free 
rational curves on X. Let Um be the open subvariety of X defined by the 
image of P^ x Hom"'•^■■*^^(P^ X) X. 

Proposition 2.2. Let X be as above, then for each closed point x : Spec(A;) — > 
Um, there is a well defined subspace 3i{x) of x*Tx = Tx,x ® k{x) such that 
for every maximally free rational curve : P^ — >• X through which x factors 
as 

Spec(A;) pi X 

we always have i*Pos{(j)*Tx) = ^{x) C x*Tx- 

Proof. Let 0i and 02 be two maximally free rational curves with 0i(O) = 
02(0) = X. So we have the following diagram 

Spec(A;) 




^1 1 — ^ ^ ^ — 2 ^2 

where Ci and C2 are two P^'s, with ii and 12 being the inclusions of the two 
origins. We need to show that i*Pos(0*rx) = '^^^^^{(p'^Tx) as subspaccs of 
x*Tx- We glue Ci and C2 at the origins and get a nodal curve C and a 
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morphism : C — > X. We will prove that the deformation of C is unob- 
structed and a general deformation of C is a free rational curve ip. Assume 
that ZiPos((^*Tx) 7^ Z2Pos(02^x), then we will show that Pos{ip*Tx) has rank 
> r and this is a contradiction. 

Let F : (Sch/A;)° (Set) be the deformation functor defined in the 
following way: -^(5*) consists of isomorphism classes of diagrams 



/ 



X 



s 

where vr is a proper flat family of at worst nodal curves of genus over the 
scheme S. Hence we can view : C — >■ X as an element in F(Spec(A;)). The 
cotangent complex of 0, LJ, is the complex { ^ 4>*^x/k ^c/k } 
with the Qc/k term having degree 0. The first order deformation of is 
given by Exto^(L^, Oc) and the obstruction space lives in Exto^(L^, Oc), 
|CKaj |LTij . The spectral sequence for hyper-extension groups gives the 
following long exact sequence 



Oc) 



*^x/k, Oc) 



ExtJ^jL 



^,Oc 



■Ext],^{Qc/k,Oc) 



Extl 



"^X/k, O, 



C) 



■Extl^iL;,Oc) 



■Extl^inc/k,Oc) 



■Ext^^(0*fix/fc,0c) = 

(1) 



Lemma 2.3. (JDMI) The following are true: 

(i) Ext'aci^c/k,Oc) = 0, 

(ii) Extl,^{<p*Qx/k, Oc) = H\C, <P*Tx) = 

From the above lemma and the hyper-extension spectral sequence ([1]), we 
get that Ext0^(L^, Oc) = and hence the deformation of is unobstructed. 
Let 
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be a deformation of over a smooth curve B, i.e. / o i = 0. 

Lemma 2.4. VFe can choose (^/B^f) such that 
(i) a general fiber of tt is a smooth rational curve, 
(a) f\c^^ is a free rational curve for general b G B{k). 

To prove (i), we first consider the deformation of C as a /c-scheme; 
the first order deformation is 'Ey±]j^{VLc/kiOc) and the obstruction hves in 
Ext0^(fic/A;, C'c) = 0. The local-global spectral sequence gives 

(C, ^om(fic, Oc)) Ext^^ (fi^, Oc) 

H°(C, <^xt\,^{nc, Oc)) h2(C, J^omoai^c. Oc)) = 

Note that H°(C, (S'xt^^(Qc, Oc)) classifies first order local deformations and 
ExtQ^{ilc,Oc) classifies all first order (global) deformations of C/k. Hence 
all local deformations of C/k come from global deformations. By embedding 
C into and using the exact sequence 

— — ^Qc — -0, (2) 

to do local computation, we find that S'xtQ^iVtc^Oc) = k{P) where P 
is the node of C and it follows that H°(C, ^xt^^((]c, C'c)) = k. Actu- 
ally, one can compute all the formal local deformations explicitly. Let R = 
k[[X,Y]]/{XY), all deformations of R/k to k[e] are given by 

{k[e][[X,Y]]/{XY-Xe):Xek}. 

This means that there exist local deformations that smooth out the node 
and hence there exist deformations of C/k that smooth out the node. In the 
sequence ([1]), the surjectivity of p says that all deformations of C/k comes 
from deformations of (f) : C/k X hj forgetting the morphism to X. Thus 
there is a deformation, (^/i?, /), of (p : C/k —>■ X smoothing out the node 
of C. This proves (i) of the Lemma. 

To prove (ii), we consider the locally free sheaf f*Tx on First, by 
shrinking B and replacing 5 by a finite etale cover, we may assume that 
^/B has a section a passing through a smooth point of C = ^bo- So a 
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defines a horizontal divisor D on Let (f = f*Tx{—D) and we have the 
following short exact sequence 

^Ic Ji*(^|cJ © J2*(^kj ^(P) , 

where P is the nodal point of C and ji : Ci —* C and j2 : C2 — C are the 
inclusions. The associated long exact sequence is 

H°(Ci, ^IcJ © H°(C2, ^IcJ ^(i^) = © fc(i^) 

^Ic) Hi(Ci, ^IcJ © }1\C2, ^\c,) = 

where the last term is since Ci and C2 are free and a is surjective since 
one of <S'\c^ and S\c2 is globally generated. It follows that Y{^{C,S\c) = 0. 
By semicontinuity theorem |Hartj III.12, we get H^(^b, |<rj = for general 
b G B{k). Since (f |<^j^ = f^Tx{—l), we know that /{, is free and this proves 
(ii). 

Now we are ready to prove that for a general deformation fb'-^b^ the 
positive part of f^Tx has rank > r under the assumption that i];Pos(0^Tx) ^ 
i2Pos(02^x)- We may assume that ^/B has two horizontal divisors Di and 
D2 corresponding to sections o"j passing through a point of Ci not equal to 
P. Let ^ = rTx{-Di-D2), ^ = c^W,^, ^1 = ^\c, and ^2 = ^Ic^, then 
we have the following short exact sequence, 

^ ^ ^ iu^l © ^2*^2 ^ '^{P) = ^p® HP) ^ . 

The induced long exact sequence is 

-H°(C,^) -H°(Ci,^i)©H°(C2,^2) 

11\C,,^) -0 

Note that Im(/5) is the subspace spanned by Pos(0JTx)(-P) and Pos(02Tx)(-P), 
which has dimension > r by assumption. It follows that dimH^(C, ^) = n — 
dim(Im(/3)) < n — r. By semicontinuity again, we have <n-r. 
Since (o'l-i^ = f^Tx © C^(~2) by construction, the positive part of f^Tx has 
rank greater than r. □ 



Tx{P) 
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This proposition implies that we can define ^(x), for each point x G 
Um{k), to be the subspace i*Pos{(f)*Tx) of x*Tx, where : ^ X is a 
maximally free rational curve with 0(0) = x, and i : Spec(/c) is the 

inclusion of the origin. 




Spec(A;) ^ X 

Next, we will use faithfully fiat descent technique to glue all the ^(x) together 
to get a sub-bundle of Tx on some open set. 

Proposition 2.5. There is a nonempty open subset U C Um such that 
{^{x) : X G U{k)} glue together to give a subbundle 3! ofTxljy, i.e. x*2l = 
S!{x), for all X eU{k). 

Proof. It is known that the universal morphism F : P^ xHom™'^'''^'^(P^, X) — 
X is smooth, [KoUarj II.3. Take a connected open subset W C Hom™-^'^''"(P\ X) 
Consider the smooth morphism 7C : x W —>■ X , in particular, vr is fiat. 
By shrinking W, we may assume that tt*Tx splits uniformly as it*Tx = 
Y^l=o 0{ai) © O'^-'T- where O = Opi^ and > 0. Denote the distinguished 

sub-bundle Y7i=i C'(ai) of tc*Tx by Y. Let U C X he the image of n. By 
construction, we have U C Um- Then it : ¥^ x W ^ U is faithfully fiat. 
Next, we want to construct descent data on 'V from that of 'k*Tx. To do 
this, we denote ¥^ x W hj Z; Z x^ Z hj Z'^'^^ with projections pi and p2; 
Z X -j^ Z X -j^ Z by Z^^) with projections pij, 1 < « < j < 3. Let tti = vr : Z — » f/, 
TX2 '■ Z'^'^^ — i> U and tts : Z^^^ — f/ be the obvious morphisms. First, we want 
to construct an isomorphism : p^"^ — >■ in the following way. Note 
that both piy and can be viewed as sub-bundles of n2Tx that are local 
direct summands and by construction of and {^{x)}, we have 

piy (g) k{z) = p^y ® k{z), for all closed points z G Z^^^ (3) 

as subspaces of vTgTx k{z). Since Z^"^^ is smooth and hence reduced, the 
condition ([3]) implies that pl^ = p^^y as sub-bundles of vtjTx by Hilbert 
Nullstellensatzf [Hart j . I.l). We define to be the identification. Our next 
step is to show that this isomorphism satisfies the cocycle condition, c.f. 
jBLR] Chapter 6, 

Plzf = pIz'P ° P*i2'P (4) 
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To be more precise, we need to show that the following diagram is commu- 
tative 

id 

PisPiy — -P*i3P*2y 

All the above terms, as sub- bundles of n^Tx, are the same. Note that pl^cp — 
P23V°Pi2V: as a morphism from p^^p^y to pl^p^^^, reduces to on fibers and 
hence is by Hilbert NuUstellensatz. This shows the cocycle condition. By 
construction, the inclusion Y t^*Tx is compatible with the descent data 
constructed on Y and the canonical one on 7r*Tx. Hence by faithfully flat 
descent we conclude that there is a sub-bundle ^ of Tx|i/ with Y — t^*^ ^ 
n*Tx. □ 

Remark: In general, let X be a noetherian scheme and # be a co- 
herent Ox-module. Let ^ be a submodule of (^lu where U G X is a 
dense open subscheme. Then it is a standard fact that there is a maxi- 
mal submodule ^ of <f which extends Actually, we can define ^ by 
r{V, #) = {s e r{V, <f ) : s\vnu e r(y n U, ^)}. in addition, if X is inte- 
gral and ^ C (S'\u is saturated, then ^ is a saturated submodule of that 
extends Hence, in our situation, there is a canonically defined saturated 
subsheaf, still denoted by ^, of Tx whose restriction to U is the subbundle 
constructed in the above proposition. Prom now on, we will always use ^ or 
^x to denote this canonical subsheaf of Tx- 



Proposition 2.6. The subsheaf Ql satisfies the following two properties. 

(i) 2i\ C Ql , i.e. 2l is closed under the Lie Bracket. 

(a) C. Sf, i.e. Ql is closed under taking p^^ power if k is of characteristic 

P- 

Proof. We use the same notions as in the previous proof. Consider the 
following diagram 

'"'"^ > Tx ^Tx/^, 
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where p is Ox-linear. Fullback p by the faithfully flat map vr we get 



Since Oj > 0, we know that n* p = and hence p\q- = 0. Since Tx/^ is torsion 
free, we get p = 0. This proves (i). Now assume that k is of characteristic p 
and consider the following composition g 

q: ^ — Tx ^Tx/^. 

It is known that g is p-linear, i.e. g{fD) = f^g^D) where / e Ox, if ^ is 
closed under Lie bracket, |Katzj . This defines an Ox-hnear morphism g' = 
l®g : F*^^j^^ — * Tx/^, where -Fabs,x is the absolute Frobenius morphism of 
X. If we pull the diagram back via vr and note that t!'*F*^^ x^ = -^abs.z^*-^ 
and F*^^ z<^{a) = 0{pa), we get 

r 

1=1 

Then tt* g' has to be and hence g' = 0. This proves (ii). □ 

3 The Quotient 

In this section, we assume that k is of characteristic p. Let X/ /c be a separably 
uniruled variety. Let r be the positive rank of X. We apply the results from 
the previous section and define the foliation ^ on X. We define a sheaf of 
fc-algebras ^ ^ Ox by 

T{V,J^) = {/ G T{V, Ox)\Df = 0, G F(K), V open C V} 

Note that we have the following inclusions 

Ox^s^ ^Ox. 

In this way, can be viewed as a sheaf of Ox-algebras. We define Y := 
Spec0^(=2/). If we define the relative Frobenius morphism Fx/k '■ X X^^^ 
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in the following way, 




Spec(/c) Spec(/c) 



then we have the natural morphisms 

/ 



X 



Y 



X 



(5) 



where / and g are fc- linear and g o f = Fx/k- We need the following 

Proposition 3.1 ( jEke] . |Miy| ). Let X andY he as above, then 
(i) On any open part U where & is a suhhundle, Y is smooth; for each closed 
point X E U, there are formal coordinates ti,t2, . . . ,tn such that formally 
locally f is given by {ti, . . . ,tr,tr+i, . ■ . ,tn) ^ (t{, . . . ,tP,tr+i, ■ ■ ■ ,tn) and 



is freely generated by . . . , ^}. In particular, f is faithfully fiat on 

U. 



(a) There is a canonical exact sequence 

df 







■T- 



X 



f*Ty 







(6) 



where a is induced by dg. 

(Hi) Let X be a normal variety. Then there is a one-to-one correspondence 
between the foliations !^ on X and the normal varieties Y between X and 
X«. 

Corollary 3.2. If X is regular in codimension 1, then so is Y. If X is 

normal, then so isY . 

Now let : — X be a maximally free rational curve on X. We have 
dcj) ■ Tpi — i> (f)*Tx is nonzero and Tpi = C(2), hence dcpiT^i) C Pos(0*Tx). 
Thus d{f o (p) = 0, and hence / o factors through the relative Frobenius of 
P\ i.e. 
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If we pull back the exact sequence (E]) to the rational curves and note that 
07* = we get 

. 0*^ . 0*7V F;,/,{4>*Ty) F;,/,{4>*g*cx*^) (7) 

Let ^ = ker(a), i.e. 

^TY^^g*(T*^ -0 (8) 

It is easy to see that 0*^ = 0^=^ 0{ai) with > 0, and (j)*f*^ = 
C"-'' (which implies that 0*^ = C""'^) and that 0*(^V*^) = a*(f)*^ = 
0{ai). Then the pullback of sequence ([8]) becomes 

. . ^.j^ ^ 0^^^ oia.) (9) 

From the above exact sequence, it is very easy to see that is a free rational 
curve on Y and hence Y is separably uniruled. 

Lemma 3.3. In the exact sequence ([9]), we have either the rank of Pos((j)*TY ) 
is greater than r or the sequence is splitting. 

Proof. Consider the following diagram 


Qn—r' ^— — ^n—r' 

— - o"-'^ 0*Ty ELo — " 

id 

^ Pos(0*Ty) ELo 



It follows easily that S' = (9'"'"^ and hence the lemma. □ 
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Proposition 3.4. Let X and Y be as above. Then the following are true 

(a) We have exactly one of the following cases 
("Trivial case") The variety X is SRC and Y = X^^^ 

("General case") The positive rank ofY is strictly greater than the positive 
rank of X. 

("Splitting case") The variety X is not SRC and the positive rank of Y 
is equal to the positive rank of X. In this case, the exact sequence ^ splits 
canonically on some nonempty open set U that contains a maximally free 
rational curve. 

(b) IfX IS PRC then soisY. 

Proof. For (a), we only need to prove that the exact sequence ([8]) sphts 
canonically in the "Splitting case" . The above Lemma (13. 3p shows that in the 
"Splitting case" 0*Ty has the same splitting type as 4'*Tx, for all maximally 
free rational curves 0. Then we know that the pull-back via of the exact 
sequence (|HD has a unique splitting which identifies (j)*{g*a*^) as the sub- 
bundle (f)*S>Y of 4'*Ty, where is the foliation on Y as constructed in the 
previous section. We can find an open subset W of }lom^''%F\X), such 
that (/ o F)*Ty splits uniformly onF^ xW where F : x ^ X is the 
natural morphism. The composition "—>■ Ty ^ g*a*^ is an isomorphism 
after pulling back by / o F, hence itself is an isomorphism by faithfully fiat 
descent. This proves that the exact sequence ([8]) splits canonically on U. To 
prove (b), we only need to use the fact that / : X — > y is dominant. □ 

Proposition (13.41) enables us to repeat the construction of foliation on 
the quotients and we will get a sequence, which will be called the quotient 
sequence of X. 

f fi f2 h 

X — Yi — Y2 — Y^ — ■ ■ ■ 



Corollary 3.5. // the "splitting case" does not happen for infinitely many 
times in the above procedure, then there is some N > 1 such that Yi is SRC, 
Yi^i = Y-^^^ and fi is the relative Frobenius morphism, for all i > N. 

Proof. This is because the positive rank of Yi is bounded above by 
n = dim(X). □ 
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4 The Formal Neighborhood 

In this section, we assume that the characteristic of k is p. let X/k be a 
separably uniruled variety. We have the quotient sequence 

X^^Fl -^12-^^3—^- •• (10) 

We want to relate the "splitting case" to the formal neighborhood of a free 
rational curve on X. Before doing that, we state some basic facts that are 
true in any characteristic. 

Lemma 4.1. Let i : Z ^ Y be a closed immersion of a smooth variety Z/k 
into another smooth variety Y/k. Let J' he the ideal sheaf defining Z in Y. 

Then 

(i) The sequence ^ J' j J''^ ^V'^yjk ^^zjk ^0 is exact and 

locally splitting. 

(a) The sheaf / J^"^ is a locally free sheaf on Z whose rank is dim(y) — 
dim(Z). 

(Hi) As a sheaf on Z , ^ locally generated by a regular sequence of length 
dim(F) — dim(Z); in particular, Z is a local complete intersection in Y . 
(iv) The sheaf i*^'^ — J J'<^+'^ is canonically isomorphic to Sym'^{J j JP"^), 
the d*^ symmetric power of ^/^^, for d> 1. 

Proof. These facts are standard. 

Now let / : X — > y = Yi be the quotient by ^ and be a maximally 
free rational curve on X with the induced one on Y being as before. Then 
we have 

Lemma 4.2. If 4> -.F^ ^ X is a closed immersion, then so is cf) : ^ Y. 
Proof. Consider the following diagram 




By assumption, both and 0^^^ are closed immersions. It is easy to check 
that (j) is also a closed immersion. □ 
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Notation and assumptions: Now consider the following situation 

X— Uy^^XW^-X (11) 




where X ^ y is the quotient by ^ and is a maximally free rational curve 
on X. Assume that is a closed immersion, then so is by the above lemma. 
Let be the ideal sheaf defining and be the ideal sheaf defining 0. 

Lemma 4.3. In the "splitting case" we have J^/j^^ = (9"-^ © ^ and 
J' j J-"^ = (9""'' ^ where both jV and jV are direct sums of line bun- 
dles of negative degree. 

Proof. This follows from the short exact sequence 

^ y/J^^ ^ (j)*^x ^ ^^pi ^ 

and the corresponding one for 0. □ 

Note that and have the same underlying topological space, which 
will be denoted by P^ by abuse of notation. Since in the diagram (ITTl) the 
relative Frobenius morphism Fpi induces an injective ring homomorphism, 
-^pi/fc ■ ~^ {Fpi/k:)^Opi, on the structure sheaves and the functions on 
Y are exactly the functions on X that are killed by it follows that the 
sheaf consists of elements of the sheaf that are killed by ^. Hence we 
have a natural morphism of abelian sheaves 6 : J' j J''^ J' j . Note that 
Fpi^^0*f2y = 0pi ®Oyx 0*^y and we have a natural sheaf homomorphism 
\®id: 0*f2y — >• Fpiy^0*i7y. Let be the composition: 

Lemma 4.4. Notation as above, we have: 

(i) The following diagram, as abelian sheaves on the underlying topological 
space ofF^, is commutative. 

— — — — -0 (12) 

e i9 
^ J/J"^ ^ 0*fiy ^ ^^pi 



15 



(u) The map H\e) : H\¥\ J/J^) H\F\ J j J"^) is 0. 

(in) Let 6d : J'^j .j?'^^^ jd j jd^x natural morphism, then H^{9d) : 

H\F\ y^/J'^+^) H\F\ zs o. 

Proof, (i) is direct checking of the definitions of the sheaf homomor- 
phisms involved. To prove (ii), we note that the diagram factors as the 
following diagram 







pi 







F*(I)*Qy — 



dF=0 



■ f2pi 



where F — Fjpi/k. Hence, we only need to show that H'^(^) 
we consider the following diagram 



-0 

0. To do this, 
(13) 



*0 



X 



■ f2pi 







^F*{J/J^) 



F*(t)*nY 



dF=Q 

F*Qpi ^ 





where the existence of r is guaranteed by the fact that dF = and the 
resulting diagram is commutative. It is easy to see from the above diagram 
that r factors through 



coker(F4>*^^ ^ F>*Oy) = 0*/*^^ = O 
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This means that r factors as F*(j)*VLY O"-^ J^/j^^. In particular, this 
imphes that 6 factors as F*{J/J'^) O""-'' J j and hence H^(^) = 0. 
For (iii), first we factorize Qd as 



and we only need to show that H^(^rf) 
following commutative diagram 



0. To do this, we consider the 



Sym''{e) 



d( f'^n—r 



Sym%0 

Since the vertical arrows are isomorphisms and Sym'^{6) factors through 
Sym'^iO''-'-), we get R^Od) = 0. □ 



Lemma 4.5. Notation and assumptions as above. Let Oy j J' OxI be 

the natural morphism of abelian sheaves on the underlying topological space 
o/P^ which induces the maps ad : Oy/^'^) ifgP^, Ox/^'^)- Then 

ad{a) lifts to for all a G Oy/J"^). 

Proof. This is a direct application of Lemma (I4.4p . Consider the following 
short exact sequences of abelian sheaves. 











'7^ 



d+l 







(14) 



^d j j^d+1 



Oy 



d+l 



OylJ^ -0 



The associated long exact sequences are 



H'-\Sym''{e)) 



0!d 



^( ad I a'd+i 



The result is easy diagram chasing. □ 



(15) 
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Lemma 4.6. Notation as in the previous lemma and we further assume that 
X Y is of "splitting case". If is surjective (resp. isomorphism) and 
6d = in the diagram f|T5|) then ad+i is also surjective (resp. isomorphism) 
and 5d = 0. 

Proof. First we claim that in the sphtting case H^{Sym'^{6)) is an iso- 
morphism for all d>l. By Lemma (14. 3p . we have J^/J^"^ = O"-^ © ^ and 
^ j ^ Qn-r where jV and JV are direct sums of line bundles of neg- 
ative degrees. From the diagram (|T3|) we see that the sheaf homomorphism 
B maps C"-'^ ^ / j J'^ isomorphically to C""'^ C C F^{J j J'^) 

and is zero on .jY . Then it is easy to see that J^'^j ^ Sym'^{J j J"^) = 
Sym'^iO'^-'-) © ^ and ^'i/j^'^+i ^ Sym'^{J/J^) = Sym'^{0''-') © ^ 
where jVd and ^ are direct sums of line bundles of negative degrees. Hence 
the sheaf homomorphism Sym'^{6) factors as j^'^/j^'^+i Sym'^{0"'~^) >■ 
F^{Sym'^{0''~'')) C F^{^'^/y'^+^). Note that here we identify a sheaf ^ on 

with F^{,'^). Then it is easy to see that H^{Symf'{9)) is an isomorphism 
for aX\ d> 1. Then the Lemma is an easy diagram chasing in f|T5|l . □ 

Now we are ready to prove the main theorem of this section. 

Theorem 4.7. Let X/k he an n dimensional uniruled algebraic variety over 
an algebraically closed field k of characteristic p > 0. Assume that the quo- 
tient sequence ffTOl) of X has "splitting case" in each step. Let (p = (pQ : ^ 
X be a maximally free rational curve on X , which is a closed immersion, 
and (pi be the induced one on Yi. Let X = X/pi be the formal neighborhood 
of (p in X and 2)j = l^i/pi be the formal neighborhood of (pi in Yi. Then 
(^ajr(2)j+i, Og-^J r(2)i,02).) is an isomorphism for all i > 0, where 
2)o = X. 

(b)r{X, Ox) — k[[ti, ■ ■ ■ ,tn-r]] is a formal power series ring ofn—r variables, 
where r is the positive rank of X . 

Proof. Let J^i be the ideal sheaf on Yi that defines (pi as a closed subva- 
riety of Yi, for i = 0, 1, ■ ■ ■ , here Yq = X and (po = (p; we also write J^q as J^. 
Our first claim is that Hi^a ■ H°(pi, OyJ^f^^) ^ H°(pi, Oy^.^J^-lY) is iso- 
morphism for alH > 1, d > 0. To prove this, we let : H°(P\ OyJA"^) 
}i^(f>\j^f/yf+^) be the connection map and let pi[d : H°(Cy7^/+^) ^ 
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B.°{OYjJ^f). Consider the following dia ffrani 



Pi-l,d 



Pi,d 



If both TTj d_i and Hi+i^d-i are isomorphisms, then so is Tii^d- To see this, note 
that surjectivity of 'ni^i^d-i implies that di^d = by Lemma (14 .5 1) : and then 
we get that tTj ^ is isomorphism by Lemma fl4.6p . Now, we can easily see that 
7ri,o : H°(P\ dy^J^,) = k ^ , Oy^_J A-i) = k is isomorphism for all 

i = 1, 2, ■ • ■ , hence all the vTj^d's are isomorphisms and all the Si^d^s are 0. 
This proves (a). To prove (b), we first note that H°(P^, J^/j^^) is an n — r 
dimensional fc-vector space, say Spanj;.{Q;i, ■ ■ ■ , an-r}, and it is a subspace of 
H°(P^ Ox/^'^). Each lifts to a formal element e H°(X, Ox) and this 
defines a ring homomorphism 

: ■ ■ ■ , tn-r]] H°(X, Ox), U ^ dii. 

To prove that ip is an isomorphism, we consider the following diagram 
H°(^7^'^+i) n\Oxl^''^^) H°(Ox/^'') 







1 ) ' ' ' ) l^n—r 



Ad 

tr. 



k[[ti 



i>d+i 

; r] 



and note that factors through 



k[[ti, ■ ■ ■ ,tn^r] 

(f, ■■■ f Y 



1; ■ ■ ■ ; l^n—r 



; ^n—r) 



\d+l 



Sym\B.\^/^^)) ^ B.\Sym\j^/y^)) H°(^V^'^+i) 



and all these are isomorphisms and hence so is Xd- Then we prove that ipd is 
isomorphism for all d by induction since ipi is isomorphism. This shows that 
i/j is an isomorphism. □ 



Remark: This theorem shows that there is a morphism of formal schemes 
V'" : X — > Spf{k[[ti, . . . ,tn-r]])- Then a natural question is: Can we make 



19 



this ip"" algebraic? The author expects that there is an etale neighborhood 
U of in X, i.e. 

pi U X 

such that, there is a morphism U A"~^ that induces ip"". This is in the 
spirit of Artin's approximation theorem, c.f. [Art] [CdJj . 



5 Proof of Main Theorem 

In this section we prove our main theorem and give an apphcation to the 
Graber-Harris-Starr type theorem. 

Theorem 5.1. (Main Theorem) Let X/k be a quasi-projective variety 
over an algebraically closed field k of characteristic p > 0. Assume that X 
is freely rationally connected. Then there is a separably rationally connected 
variety Y and a finite purely inseparable morphism f : X Y . If X is 
regular in codimension 1 (or normal), then so is Y. 

Proof. We want to produce the variety Y by repeating taking quotients 
by the fohation; By Lemma (13. 5p . we will get a separably rationally connected 
variety after finitely many steps if the "splitting case" does not appear in- 
finitely many times. Then the regularity in codimension 1 (or normality) of 
Y follows from Corollary (13. 2p . So the proof of the main theorem reduces to 



the following 

Claim: Let X be a separably uniruled variety over k. If the quotient 
sequence (ITOl) has "splitting case" in each step, then X is not freely rationally 
connected. 

By contradiction, we assume that X is FRC, i.e., there exists a family of 
maximally free rational curves ip : F^xW ^ X such that ^(^^ -.F^xF^xW 
X^"^^ = X X X is dominant. First, we put the extra assumption that each 
rational curve in this family is a closed immersion. The fact that (y?*-^-* being 
dominant implies that there is a family of maximally free rational curves 
ipo : X Wo — > X such that (po is dominant and (Pq{0 x Wq) = xq E X{k). 
Actually, we can just consider the following morphism h 

h:F^ X PGL2 X W ^ F^ xF^ xW ^ X^^) 
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with h : (t, g, 



(0(^(0)), 0(t)). Take Wq to be h-\xo x X). 



Wo- 

ho 

Xq X X ■ 



pi X PGL2 X W 

h 

X X 



By definition, h is dominant and hence ho is also dominant if we choose 
Xq G X general enough. Then the following morphism is also dominant 

ho-.F'xWo^ X, {s, {t,g, [0])) ^ (P{g{s)). 

By construction, we have ho{0 x Wq) = Xq. Then we choose Wq to be some 
component of Wq and get a dominant morphism ipo : F'^ x Wq — > X such 
that v2o(0 X PVo) = Xq e X{k). We denote x Wq by Since v^o is 
dominant, there is a closed point 2; = (u, [0]) G Z such that Ox,x ^ Oz,z 
and hence Ox,x C>z,z, where x = <fQ{z). Let X = X/0(pi) and 3 = 2'/pix[0]. 
Then we have an induced morphism of formal schemes ip : ^ ^ X. By 
Theorem (14 .71) . we have r(^. Ox) = k[[ti, ■ ■ ■ , tn-r]] and it is easy to see that 
r(3, C3) = Owo,i(i,]- Now consider the following diagram 



T{X,Ox)) 



r 



r(3,03) 



(16) 



o 



ft 



r2 



X,x 



O 



where the vertical maps are injective and ipl is also injective. So ip* must be 
injective. But we can show that ip*{ti) = 0. Indeed, the following factoriza- 
tion 

Spec(fc) 



OxWq ^ pi X Wq 

lives a factorization of r2 o ip* as follows 




r(x, O 




xWo,{0,[4>]) 



o 



Wo, 



o 
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In the above diagram XQ{ti) — since Xq G 0(P'^); this gives a contradiction. 

In the case where there is no maximally free rational curve on X that is 
a closed immersion, we can find some integer m > 1, such that there is a 
maximally free rational curve = 0i x 02 x • • • x 0m on X^"^^ = X x ■ ■ ■ x X 
which is a closed immersion, where each 0^ is a maximally free rational curve 
on X for all 1 < i < m. It is also easy to see that all maximally free rational 
curves on X^'^'' are of the above form. Let ^("^ := p*^ © ■ ■ ■ © Pm^- Since 
Pos(0*(T^(m))) = 0*(^*^™^) for all maximally free rational curves on X^™'^ 
and ^("') c Tx(ni) is saturated, we see that the canonical foliation on X^™) 
is exactly ^^"^^ . If y is the quotient of X by ^, then y is the quotient 
of X^'^\ The quotient sequence of X terminates with an SRC variety if and 
only if the quotient sequence of X*^™^ does. Under the assumption that the 
quotient sequence of X has "splitting case" in each step, we get that the 
quotient sequence of X("^) has "splitting case" in each step. Thus we know 
that X("^) is not FRC, hence X is not FRC. This proves the the claim and 
hence the main theorem. □ 

Now we are ready to prove the following application of the main theorem. 

Theorem 5.2. Let tt : ^ ^ B be a proper flat family over a smooth curve 

B, here everything is over an algebraically closed field k of characteristic p. 
Assume that the geometric generic fiber of ^ ^ B is normal and freely 
rationally connected. Then there is a morphism s : B ^ ^ such that 
TTos — -Fa6s,s /^^^ some d >0, where Fabs,B B ^ B is the absolute Frobenius 
morphism. 

Proof. We may shrink B and assume that B is affine. Let rj be the 
generic point of B. 

Claim: As a variety over k, ^ is separably uniruled. 
Indeed, let 0^^ : be a maximally free rational curve on the geometric 

generic fiber. Assume that 0i(T3K_) = C*"-^ 0(©C'(a.)) with > 1 for 
i — 1, 2, . . . , r. Then there is a smooth curve C / B such that 0^^ is actually 
defined over C and (j)Q{T^^jc) splits uniformly as 0'^~'^ 0(©C(ai))- Namely, 
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we then have the following diagram 



4>c 



B 



By shrinking C, we may also assume that the image of (pc is in / x b 
C. Base change to a closed point c G C(fc), we get a free rational curve 
. pi ^ where h G B{k) is the image of c. View as a rational curve 
on ^ and by construction we have the image of (f) in the smooth locus of 
^ ^ B. Then we apply the following short exact sequence 







b*7T*{Ti 



B/k) 



O 







Since 0*(T^J is globally generated, (j)*{T/£-/k) must be globally generated. 

Let ^ be the canonical foliation on By construction, ^ is a sub- 
module of T,^/B- Then ^ induces a foliation C T^--. Since a free ra- 
tional curve on is unobstructed and moves to nearby fibres, we have 



for a maximally free rational curve 



bfj on Since 



is the canonical foliation on 



C Tjr- is saturated, we know that 
By the Claim, we can construct the quotient sequence of ^ 



SC = %■ 



f=fo 



^1 



■^2 



h 



(17) 



Let Qii ^ T^. be the corresponding foliations. Note that all the are in 
vertical direction and hence ft are all defined over B. If we base change the 
quotient sequence f|T7j) of ^ to the geometric generic point f/ of B, we get 
exactly the quotient sequence of Since ^ is FRC, our main theorem 
says that ^^^f? will eventually be an SRC normal variety. Take ^ = where 
i is large enough. Then we have the following diagram 



— ^ — JfW — 
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where vr has normal SRC geometric generic fiber. By |dJStj . we can find a 
section of vf , say s, then we can just take s = a^'^^ o g o s. □ 

Corollary 5.3. Let X/k be a proper normal FRC variety over an alge- 
braically closed field k of characteristic p. Then X is simply connected. 
Namely, the algebraic fundamental group vri(X) is trivial. 

Proof. We have to show that every connected finite Galois cover vr : 
Y —>■ X is trivial. Suppose that vr is nontrivial. Since free rational curves 
on X always lift to free rational curves on Y, we know that Y is also FRC. 
We can always factor tt : Y X through tt' : Y ^ X' with tt' being cyclic 
Galois cover with Galois group G = Z/£Z, where £ G Z is a prime. To get a 
contradiction, we only need to prove the following 
Claim: The action of G on F has a fixed point. 

To prove the claim, we fix an action of G on B' = in the following way: 

• U £ ^ p, then the generator 1 G G acts ast^^t where C is a primitive 
£th j-QQ^ Qf unit. 

• U i = p, then the generator 1 G G acts as t \—>- 1 + 1. 

Then we have B = B' /G = P^. Since G acts on both Y and B', we get a 
natural action of G on Y x B' and let Z = Y x B'/G be the quotient. Let 
f : B' ^ B and g : Y x B' ^ Z he the corresponding quotient morphisms. 
Then we have the following commutative diagram 

Y X B' Z 



P2 



h 



B' — ^5 

On the open part oi U d B where G acts freely on f~^{U), the above 
diagram is a fiber product square. Hence, for a general 6 G -B, we have Zj, = 
h~^{b) = Y which is normal and FRC. By Theorem 15. 2[ we get s : B ^ Z 
such that h o s = F^j^^ ^ is some power of the absolute Frobenius morphism. 

Let G = B' X f^B,hos B 1 and let G = be the normalization of G. The the 
action of G on 5 induces an action on G and hence also an action on G. 
The morphism s induces a G-equivariant morphism s' -.V ^Y x B' ., where 
y C G is the inverse image of U . The morphism s' induces a G-equivariant 
morphism s' : C ^Y x B' . Then a = pi o s' : C ^ Y is also G-equivariant. 
Since G has at least one fixed point x, its image a{x) is a fixed point of Y . 
□ 
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